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KERNELS AND COKERNELS IN THE CATEGORY OF AUGMENTED
INVOLUTIVE STEREOTYPE ALGEBRAS
S.S.AKBAROV
Abstract. We prove several properties of kernels and cokernels in the category of augmented involutive
stereotype algebras: 1) this category has kernels and cokernels, 2) the cokernel is preserved under the
passage to the group stereotype algebras, and 3) the notion of cokernel allows to prove that the continuous
envelope Env C⋆(Z ·K) of the group algebra of a compact buildup of an abelian locally compact group
is an involutive Hopf algebra in the category of stereotype spaces (Ste,⊙). The last result plays an
important role in the generalization of the Pontryagin duality for arbitrary Moore groups.
1. Introduction
The Pontryagin duality theorem for locally compact commutative groups has been generalized many
times to various classes of topological groups, not necessarily commutative [4, 11, 13, 14, 19, 25].
The first generalizations to commutative groups appeared in the works by S. Kaplan of 1948 and
1950 [16, 17], and by now it is known in particular, that wide classes of topological vector spaces can
be considered as examples of groups on which this duality acts [4]. One of those classes is the class of
stereotype spaces described by the author in [2].
The first generalization to the groups without the condition of commutativity was suggested in the
works by T. Tannaka [24] of 1938 and by M. G. Krein [18] of 1949. They built a duality theory for
arbitrary (not necessarily commutative) compact groups. In 1973 L. I. Vainerman, G. I. Kac, M. Enock
and J.-M. Schwartz built a general theory for all locally compact groups (see details in the book [13]).
From 1980-ies the research in this area was resumed after discovery of quantum groups, to which the
constructed theories began to be actively transferred (see [19, 25]).
To date, the Vainerman—Kac— Enock—Schwartz theory and its extensions cover a very wide class
of (non necessarily commutative) groups and group-like objects, however, as noted in [5], all these gener-
alizations have the disadvantage that the enclosing category (containing the category of locally compact
groups) consists of objects that resemble Hopf algebras (and even echo with them in names, such as
“Hopf—von Neumann algebra” or “C∗-Hopf algebra”), but formally are not Hopf algebras.
The desire to find a theory free from this flaw led the author to the investigations in this area as part
of a project on the study of applications of stereotype spaces, announced in [3]. As an alternative, in
2008 the author constructed a duality theory for a class of compactly generated complex Lie groups with
an affine algebraic connected component of unit [5]. The main result of this article is described by the
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diagram
(1) O⋆(G) ✤
♥
// O⋆exp(G)
❴
⋆

O(G)
❴
⋆
OO
Oexp(G)
✤♥oo
where G is an arbitrary compactly generated complex Lie group with an affine algebraic component of
unit, O(G) the algebra of holomorphic functions on it, O⋆(G) its dual algebra of analytic functionals,
Oexp(G) the algebra of holomorphic functions of exponential type on G, O
⋆
exp(G) its dual algebra of
exponential analytic functionals, ⋆ the passage to the dual stereotype space, and ♥ the passage to the
Arens-Michael envelope.
The key detail in diagram (1) is that the objects in its upper left and lower right corners — O⋆(G) and
Oexp(G) — are Hopf algebras in a certain monoidal category, namely, the category of stereotype spaces
(Ste,⊛). This allows us to interpret (1) as a construction describing a generalization of Pontryagin
duality to the class of groups in question (see a detailed discussion in [5]):
1) the fact that the movement in diagram (1) at the fourth step returns us back to the original place
can be naturally interpreted as a duality identity
(2)
̂̂
H ∼= H,
for the functor H 7→ Ĥ of composition of operations ♥ and ⋆
Ĥ = (H♥)⋆,
on the Hopf algebras H = O⋆(G) and H = Oexp(G),
2) the operation G 7→ O⋆(G) that assigns to a group its group algebra, can be understood as an
embedding of the considered category of groups into the category of Hopf algebras over (Ste,⊛)
with the property (2), and
3) the fact that the resulting embedding of a category of groups into the category of “reflexive in
the sense of (2) Hopf algebras” generalizes Pontryagin duality is expressed by the identity for
Abelian groups G [5, Theorem 7.3]
O⋆(Ĝ) ∼= Ô⋆(G)
(here Ĝ means the Pontryagin dual group).
As a result, we obtain a generalization of Pontryagin’s duality, free from the flaws of the Vainerman–
Kac—Enock—Schwartz theory. Although it acts on a much narrower class of groups, it is still interesting
since it is much simpler and it covers all complex affine algebraic groups.
In 2013, Yu. N. Kuznetsova [20] made an attempt to construct a similar theory for the class of
arbitrary Moore groups, where the Arens-Michael envelope ♥ was replaced by another operation, called
C∗-envelope. Later, however, it turned out that Kuznetsova’s work contains an error, and its main results
can be considered proven only for groups of the form Rn ×K ×D, where n ∈ N, K is a compact group,
and D a discrete Moore group (see [8, Errata]).
This paper is devoted to some preliminary steps for elimination the error in [20] within the framework
of the general scheme of duality described by the author in [7, 8]. We prove here an important statement
which is necessary for generalization of Kuznetsova’s result to the class of arbitrary Moore groups: a
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continuous envelope (an analog of the C∗-envelope of [20]) EnvC C
⋆(Z ·K) of a group algebra of the form
Z · K, where Z is an Abelian locally compact group and K is a compact group, is an involutive Hopf
algebra in the category of stereotype spaces (Ste,⊙). We will need this result in [9], where it will be a
main tool in proving the fact that algebras arising in a diagram similar to (1) are Hopf algebras in the
category Ste.
Our reasonings are based on the properties of kernels and cokernels in the category AugInvSteAlg of
augmented involutive stereotype algebras.
2. Kernel and cokernel in a category with a zero object
Let us recall [10, 21], that a zero object or zero in a category K is an object 0 such that for each object
X in K there exists a unique morphism X → 0, and a unique morphism 0 → X . If a category K has a
zero object, then it is unique up to an isomorphism. A morphism ϕ : X → Y in a category K with a zero
object 0 is called a zero morphism, if it can be factored through the zero object, i.e. if ϕ is a composition
of two (unique) morphism X
0X,0
−→ 0 and 0
00,Y
−→ Y :
X Y
0

❄❄
❄❄
❄
0X,0
//
ϕ
??⑧⑧⑧⑧⑧ 00,Y
Certainly, such a morphism is also unique, and it has a special notation
ϕ = 0X,Y .
In each category with a zero object the notions of kernel and cokernel are naturally defined [21, Chapter
VIII, § 1].
Example 2.1. A key example for us is the category of augmented algebras. Recall that an augmentation
on a (unital and associative) algebra A over C is an arbitrary homomorphism ε : A→ C of unital algebras
over C. It is easy to see, that the choice of the augmentation on A is equivalent to the choice of a two-sided
ideal IA in A such that A is a direct sum of the spaces over C
A = IA ⊕ C · 1A,
where 1A is the unit of A.
An augmented algebra is a pair (A, ε), where A is a unital algebra over C, and ε : A→ C an augmenta-
tion. The class of all augmented algebras forms a category Aug, where morphisms ϕ : (A, εA)→ (B, εB)
are arbitrary homomorphisms ϕ : A→ B of unital algebras over C, which preserve augmentation in the
following sense:
εB ◦ ϕ = εA.
We note that
1) the algebra C with the identity mapping idC : C → C as an augmentation is a zero object in the
category Aug.
2) the category Aug of augmented algebras over C has kernels and cokernels.
2.1. Kernel and cokernel as functors. Let K be an arbitrary category with a zero object. For each
morphism α : A → A′ in this category we denote by Dom(α) and Ran(α) respectively its domain and
range (codomain):
Dom(α) = A, Ran(α) = A′.
Thus each morphism α goes from Dom(α) to Ran(α):
α : Dom(α)→ Ran(α).
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Let us form a new category Arr(K) from K by the following rules:
— the objects of Arr(K) are morphisms of the category K:
Ob(Arr(K)) = Mor(K),
— a morphism in the category Arr(K) between objects α, β ∈ Ob(Arr(K)) = Mor(K) is an arbitrary
pair (ϕ, ψ) of morphisms ϕ, ψ ∈ Ob(Arr(K)) = Mor(K) such that the following diagram is commu-
tative:
(3) Dom(α)
α

ϕ
//❴❴❴❴❴ Dom(β)
β

Ran(α)
ψ
//❴❴❴❴❴❴ Ran(β)
— a composition of morphisms (ϕ, ψ) and (χ, ω) in Arr(K) is the pair (χ ◦ ϕ, ω ◦ ψ) (under the
assumption that the compositions χ ◦ ϕ and ω ◦ ψ are defined in K); this is illustrated by the
diagram
(4) Dom(α)
α

ϕ
//❴❴❴❴❴ Dom(β)
β

χ
//❴❴❴❴❴ Dom(γ)
γ

Ran(α)
ψ
//❴❴❴❴❴❴ Ran(β)
ω //❴❴❴❴❴❴ Ran(γ)
The category Arr(K) is called the category of arrows of the category K [21, Chapter II, § 4]. Apparently,
it is convenient to write the morphisms in the category Arr(K), as special fractions: if the morphism
(ϕ, ψ) : α→ β in (3) is represented by the symbol
β, ϕ
ψ, α
,
then the law of composition in Arr(K) will be presented by the formula
(5)
γ, χ
ω, β
◦
β, ϕ
ψ, α
=
γ, χ ◦ ϕ
ω ◦ ψ, α
.
The following proposition is obvious.
Theorem 2.1. If the category K has kernels, then
(i) in the category Arr(K) each morphism β,ϕ
ψ,α
generates a unique morphism Ker β,ϕ
ψ,α
: Kerα→ Ker β
such that the following diagram in K is commutative:
(6) Kerα
ker α

Ker
β,ϕ
ψ,α
//❴❴❴❴❴❴ Ker β
ker β

Dom(α)
α

ϕ
// Dom(β)
β

Ran(α)
ψ
// Ran(β)
(ii) the mapping
β, ϕ
ψ, α
7→ Ker
β, ϕ
ψ, α
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is a covariant functor from Arr(K) into K;
(iii) the mapping
β, ϕ
ψ, α
7→
kerβ,Ker β,ϕ
ψ,α
ϕ, kerα
is a covariant functor from Arr(K) into Arr(K).
Proposition 2.1. If in the diagram (6) the morphism ϕ is a monomorphism, then the morphism Ker β,ϕ
ψ,α
is a monomorphism as well;
Proof. The morphism
kerβ ◦ Ker
β, ϕ
ψ, α
= ϕ ◦ kerα
is a monomorphism as a composition of two monomorphisms, kerα and ϕ, hence the inner morphism in
the left composition, Ker β,ϕ
ψ,α
, is a monomorphism as well. 
For the cokernels the proposition dual to Theorem 2.1 is the following:
Theorem 2.2. If the category K has cokernels, then
(i) in the category Arr(K) each morphism β,ϕ
ψ,α
generates a unique morphism Coker β,ϕ
ψ,α
: Cokerα →
Cokerβ such that the following diagram in K is commutative:
(7) Dom(α)
α

ϕ
// Dom(β)
β

Ran(α)
ψ
//
coker α

Ran(β)
coker β

Cokerα
Coker
β,ϕ
ψ,α
//❴❴❴❴❴❴ Cokerβ
(ii) the mapping
β, ϕ
ψ, α
7→ Coker
β, ϕ
ψ, α
is a covariant functor from Arr(K) into K;
(iii) the mapping
β, ϕ
ψ, α
7→
cokerβ, ψ
Coker β,ϕ
ψ,α
, cokerα
is a covariant functor from Arr(K) into Arr(K).
And the proposition dual to Proposition 2.1 is
Proposition 2.2. If in Diagram (7) the morphism ψ is an epimorphism, then the morphism Coker β,ϕ
ψ,α
is an epimorphism as well.
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3. Stereotype spaces
We shall need some definitions and facts from the theory of stereotype spaces (see details in [2, 5, 6, 7]).
We use the abbreviation “LCS” for (Hausdorff) locally convex spaces over the field of complex numbers
C [23, 15].
A set S in an LCS X is said to be totally bounded, if for each neighbourhood of zero U in X there is
a finite set A such that the shifts of U by elements of A cover S:
S ⊆ U +A.
This is equivalent to the total boundedness of S in the sense of the uniform structure induced from X
[12] (i.e. A can be chosen from S).
An LCS X is said to be pseudocomplete, if each totally bounded Cauchy net in X converges. This
is equivalent to the condition that each closed totally bounded set S in X is compact. This notion is
related to the usual completeness and quasicompleteness1 by the chain of implications
(8) X is complete =⇒ X is quasicomplete =⇒ X is pseudocomplete.
In the metrizable case these conditions are equivalent.
Like completeness, pseudocompleteness has the property that each LCS X has an “outside-nearest”
pseudocomplete space. Formally this construction is described in the following
Theorem 3.1. [2, Theorem 1.5] For each LCS X there exists a pseudocomplete LCS X▽ and a linear
continuous mapping ▽X : X → X
▽ such that for each pseudocomplete LCS Y and for each linear
continuous mapping ϕ : X → Y there is a unique linear continuous mapping ϕ▽ : X▽ → Y such that the
following diagram is commutative:
(9) X
▽X //
ϕ

✻✻
✻✻
✻✻
✻ X
▽
ϕ▽
✝
✝
✝
✝
Y
The space X▽ is called a pseudocompletion of the space X . The fact that the arrow ϕ▽ in (9) is unique
implies that X▽ is defined uniquely up to an isomorphism. On the other hand, Theorem 3.1 implies that
for each linear continuous mapping of locally convex spaces ϕ : X → Y there is a unique linear continuous
mapping ϕ▽ : X▽ → Y ▽ such that the following diagram is commutative:
(10)
X X▽
Y Y ▽
//
▽X

ϕ

✤
✤
✤
✤
ϕ▽
//
▽Y
.
Moreover, the correspondence ϕ 7→ ϕ▽ can be defined as a functor (i.e. as a mapping ϕ 7→ ϕ▽ of the
class of morphisms of the category of locally convex spaces into itself [2, Theorem 1.5]).
The pseudocompletion X▽ can be conceived as an envelope (in the sense of [6]) of the locally convex
space X in the class PC of all pseudocomplete locally convex spaces with respect to the same class PC:
(11) X▽ = EnvPCPCX = Env
PCX
(this fact follows from Theorem 3.1 and the remark at page 50 of the work [6]). This operation is
similar to the usual completion in that it does not change the topology of the space X (i.e. the mapping
1An LCS X is said to be quasicomplete, if each bounded Cauchy net in X converges.
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▽X : X → X
▽ is not only continuous, but is injective and open into its image), but only adds densely
some elements to X (i.e. the mapping ▽X embeds X densely into X
▽).
A set D in a locally convex space X is said to be capacious, if for each totally bounded set S ⊆ X
there is a finite set A ⊆ X such that the shifts of D by elements of A cover S:
S ⊆ D +A.
It is useful to note that if D is convex, then A can be chosen in S (and this leads to an equivalent
condition for D).
An LCS X is said to be pseudosaturated, if each closed convex balanced set D in X is a neibourhood
of zero in X . In the theory of topological vector spaces this property is connected with metrizability and
barreledness by the following implications:
(12) X is metrizable =⇒ X is barreled =⇒ X is pseudosaturated
It is remarkable that there is a standard construction, dual in a certain sense to the construction of
pseudocompleteness, that allows to each LCS X assign an “inside-nearest” pseudosaturated LCS X△:
Theorem 3.2. [2, Theorem 1.16] For each LCS X there is a pseudosaturated LCS X△ and a linear
continuous mapping △X : X
△ → X such that for each pseudosaturated LCS Y and for each linear
continuous mapping ϕ : Y → X there is a unique linear continuous mapping ϕ△ : Y → X△ such that the
following diagram is commutative:
(13) X X△
△Xoo
Y
ϕ
ZZ✻✻✻✻✻✻✻ ϕ△
BB✝
✝
✝
✝
The space X△ is called a pseudosaturation of the space X . The fact that the arrow ϕ△ in (13) is
unique implies that the LCS X△ is defined uniquely up to an isomorphism. On the other hand, Theorem
3.2 implies that for each linear continuous mapping of locally convex spaces ϕ : Y → X there is a unique
linear continuous mapping ϕ△ : Y △ → X△ such that the following diagram is commutative:
(14)
X X△
Y Y △
oo
△X
OO
ϕ
oo
△Y
OO✤
✤
✤
✤
ϕ△.
Moreover, the correspondence ϕ 7→ ϕ△ can be defined as a functor (i.e. as a mapping ϕ 7→ ϕ▽ of the
class of morphisms of the category of locally convex spaces into itself [2, Theorem 1.16]).
The pseudosaturation X△ can be conceived as a refinement (in the sense of [6]) of the locally convex
space X in the class PS of all pseudosaturated locally convex spaces by means of the same class PS:
(15) X△ = RefPSPSX = Ref
PSX
(this fact follows from Theorem 3.2 and the remark at pages 56-57 in [6]). This operation does not
change the composition of elements of X (i.e. the mapping △X : X
△ → X is bijective), but strengthen
the topology of X in some special way such that the system of totally bounded sets in X is not changed,
and the topology on each totally bounded set S ⊆ X is not changed as well.
A dual space to an LCS X is defined as the space X⋆ of all linear continuous functionals f : X → C
endowed with the topology of uniform convergence on totally bounded sets in X . The second dual space
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X⋆⋆ is the dual to X⋆ in the same sense:
X⋆⋆ = (X⋆)⋆.
The formula
(16) iX(x)(f) = f(x), x ∈ X,
defines a natural mapping iX : X → X
⋆⋆.
A locally convex space X is said to be stereotype, if the mapping iX : X → X
⋆⋆ is an isomorphism of
locally convex spaces (i.e. a homeomorphism between X and X⋆⋆).
Theorem 3.3. [2, Theorem 4.1] A locally convex space X is stereotype if and only if it is pseudocomplete
and pseudosaturated.
The class Ste of stereotype spaces is extremely wide, it contains, in particular, all pseudocomplete
barreled spaces (and hence all Banach spaces and all Fre´chet spaces).
4. Kernels and cokernels in the category of augmented involutive stereotype
algebras.
A stereotype space A (over C) is called a stereotype algebra, if A is endowed with the structure of a
unital associative algebra (over C), and the multiplication operation is a continuous map in the following
sense: for each compact set K in A and for any neighborhood of zero U in A there is a neighborhood of
zero V in A such that
K · V ⊆ U & V ·K ⊆ U.
An involution on a stereotype algebraA is an arbitrary continuous mapping • : A→ A with the properties
(x + y)• = x• + y•, (λ · x)• = λ · x•, (x · y)• = y• · x•, (x•)• = x, x, y ∈ A, λ ∈ C.
A pair (A, •), where A is a stereotype algebra, and • an involution on A, is called an involutive stereotype
algebra.
The class of all involutive stereotype algebras is denoted by InvSteAlg. It forms a category where
morphisms are the continuous linear multiplicative and unit- and involution-preserving maps ϕ : A→ B.
An augmentation on an involutive stereotype algebra A is defined as a morphism ε : A → C in
InvSteAlg. An augmented involutive stereotype algebra is a pair (A, ε), where A is an involutive stereotype
algebra over C, and ε : A→ C an augmentation on it. Defining an augmentation on a stereotype algebra
A is equivalent to defining a two-sided closed and invariant with respect to the involution ideal IA in A
such that A is a direct sum of the vector spaces over C
A = IA ⊕ C · 1A,
where 1A is the unit in A.
The class of all augmented involutive stereotype algebras will be denoted by AugInvSteAlg. It forms a
category where morphisms ϕ : (A, εA)→ (B, εB) are morphisms of stereotype algebras ϕ : A→ B which
preserve the involution and the augmentation: εA = εB ◦ ϕ.
As in the category Aug, the algebra C with the identity map idC : C → C as an augmentation is the
zero object in AugInvSteAlg. As a corollary, a zero morphism in AugInvSteAlg is an arbitrary morphism
ϕ : A → B which can be decomposed as ιB ◦ εA, where εA : A → C is the augmentation on A, and
ιB : C→ B is the (unique) morphism of C into B. Thus,
(17) 0A,B = ιB ◦ εA.
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Proposition 4.1. A morphism ϕ : A→ B of augmented involutive stereotype algebras is a zero morphism
if and only if its set of values is contained in the subalgebra generated by the unit 1B of the algebra B:
(18) ϕ = 0A,B ⇐⇒ ϕ(A) ⊆ C · 1B.
Example 4.1. Functional algebras on groups [1, 2]. A typical example of an augmented involutive
stereotype algebra is the algebra C(G) of continuous functions on a locally compact group G with the
pointwise algebraic operations and the topology of uniform convergence on compact sets in G. The fact
that it is a stereotype algebra is proved in [2, Example 10.3]. The involution and the augmentation on
C(G) are defined by the formulas
(19) u•(t) = u(t), ε(u) = u(1G), u ∈ C(G).
This example can be complemented by another classical functional algebra on groups, the algebra E(G)
of smooth functions on a Lie group G (with the usual topology of uniform convergence on compact sets
with respect to each partial derivative [2, Example 10.4]). The involution and the augmentation on E(G)
are defined by the same formulas (19).
Example 4.2. Group algebras [1, 2]. When we take dual spaces we obtain two other examples, the
algebras with respect to convolution:
— the algebra C⋆(G) of measures with compact support on a locally compact group G [2, Example
10.7], and
— the algebra E⋆(G) of distributions with compact support on a Lie group G (with the usual
topology of uniform convergence on compact sets in E(G) [2, Example 10.8]).
The involution in these algebras is defined by the formula
(20) α•(u) = α(u˜•), α ∈ C⋆(G) (E⋆(G)),
where u• is the involution defined by the identity (19), and
u˜(t) = u(t−1)
is the antipode of the function. The augmentation is
(21) ε(α) = α(1), α ∈ C⋆(G) (E⋆(G))
(1 — is the function on G identically equal to 1).
4.1. Existence of kernels and cokernels in AugInvSteAlg. Further we shall need the following con-
structions.
• Let B be a stereotype algebra and A a closed subalgebra in B (i.e. A is a unital subalgebra in B
in the purely algebraic sense and at the same time a closed subspace in the locally convex space
B). Let us endow A with the topology induced by B. Then the pseudosaturation A△ of the space
A is a stereotype subalgebra, called a closed immediate subalgebra in the stereotype algebra B,
generated by the subalgebra A [6, Theorem 5.14].
• Again, let B be a stereotype algebra, and suppose I is a closed two-sided ideal in B (i.e. I is a
two-sided ideal in B in the purely algebraic sense and at the same time a closed subspace in the
locally convex space B). Consider the quotient space B/I. It is an algebra in the purely algebraic
sense, as the quotient algebra of the algebra B by the ideal I, and at the same time B/I is a
locally convex space with the usual quotient topology inherited from B. The pseudocompletion
(B/I)▽ of the space B/I is a stereotype algebra in B, called the open immediate quotient algebra
of the stereotype algebra B by the ideal I [6, Theorem 5.17].
Theorem 4.1. For a morphism ϕ : (A, εA) → (B, εB) in the category AugInvSteAlg of augmented
involutive stereotype algebras over C
10 S.S.AKBAROV
— the kernel is the closed immediate subalgebra in A, generated by the inverse image of the subalgebra
C · 1B in B under the mapping ϕ:
(22) Kerϕ =
(
ϕ−1(C · 1B)
)△
,
— the cokernel is the open immediate quotient algebra of the algebra B by the closed two-sided ideal
I in B, generated by the image ϕ(ε−1A (0)) of the ideal ε
−1
A (0) in A:
(23) Cokerϕ =
(
B/I
)▽
.
As a corollary, the category AugInvSteAlg has kernels and cokernels.
Proof. 1. Let us prove (22). Set K =
(
ϕ−1(C · 1B)
)△
(we endow K with the structure of an immediate
subspace in A). Let us show that κ : K → A is a kernel of the morphism ϕ : A→ B.
a) First, from Proposition 4.1 it follows that ϕ ◦ κ : K → B is zero, since
κ(K) ⊆ C · 1B.
b) Second, let κ′ : (K ′, εK′)→ (A, εA) be another morphism that gives zero in composition with ϕ:
ϕ ◦ κ′ = 0 = ιB ◦ εK′ .
Then
ϕ(κ′(K ′)) ⊆ Im ιB = C · 1B ⇒ κ
′(K ′) ⊆ ϕ−1(C · 1B) = K,
hence κ′ is lifted to a morphism of stereotype spaces δ : K ′ → K. It is a morphism of augmented
involutive stereotype algebras, since it preserves multiplication, unit, involution and augmentation.
2. Let us prove (23). We endow the ideals
IA = ε
−1
A (0), IB = ε
−1
B (0)
with the structure of immediate subspaces in A and B (in this case with the topology which is a pseu-
dosaturation of the topology induced from A and B, see details in [6, Proposition 4.69]). Let I be a
closed immediate two-sided ideal in B generated by the set ϕ(IA) (i.e. I, as a set, coincides with the
closure in B of the two-sided ideal generated by the set ϕ(IA), and is endowed with the topology which
is a pseudosaturation of the topology induced from B). The equality εB ◦ ϕ = εA implies
ϕ(IA) ⊆ IB .
Therefore,
ϕ(IA) ⊆ I ⊆ IB.
Put C = (B/I)▽, and denote by γ : B → (B/I)▽ = C the quotient map. The condition I ⊆ IB = ε
−1
B (0)
implies that the functional εB can be extended to some functional εC on the quotient space (B/I)
▽ = C:
B
γ
//
εB

✺✺
✺✺
✺✺
C
εC
✠✠
✠✠
✠✠
C
Hence γ is a morphism of augmented stereotype algebras (B, εB) → (C, εC). Let us show that this is a
cokernel of the morphism ϕ.
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a) First, γ ◦ ϕ is zero. To show this take an a ∈ A and put x = a− εA(a) · 1A. Then
a ∈ A =⇒ a = εA(a) · 1A + x
∋
IA
=⇒ ϕ(a) = εA(a) · 1B + ϕ(x)
∋
I
=⇒
=⇒ γ(ϕ(a)) = εA(a) · 1C + γ(ϕ(x))︸ ︷︷ ︸
=
0
= εA(a) · 1C ∈ C · 1C .
So (γ ◦ ϕ)(A) ⊆ C · 1C , and by Proposition 4.1 this means that γ ◦ ϕ = 0.
b) Now let γ′ : (B, εB)→ (C
′, εC′) be another morphism that gives zero in composition with ϕ:
(24) γ′ ◦ ϕ = ιC′ ◦ εA.
To verify that it can be factored through γ, i.e. for some morphism ι the diagram
A
ϕ
//
0A,C′
&&▲▲
▲▲▲
▲▲▲
▲▲▲
▲ B
γ′

γ
// C
ι
xxr r
r r
r r
C′
is commutative, we have to verify that
I ⊆ (γ′)−1(0).
In other words,
γ′(I) = 0.
Since I is a closed two-sided ideal generated by the set ϕ(IA), it is sufficient for us to prove that
γ′(ϕ(IA)) = 0.
This follows from (24):
x ∈ IA =⇒ γ
′(ϕ(x)) = (24) = ιC′(εA( x
∋
IA
)) = ιC′(0) = 0.

4.2. Preservation of the cokernel by stereotype group algebras. Recall the group algebra C⋆(G)
of measures from Example 4.2.
Theorem 4.2. Suppose that in a chain of locally compact groups
H
λ // G
κ // F
the second homomorphism is a cokernel of the first one in the category of locally compact groups2:
cokerλ = κ.
Then in the corresponding chain of stereotype group algebras
C⋆(H)
C⋆(λ)
// C⋆(G)
C⋆(κ)
// C⋆(F )
the second morphism is a cokernel of the first one in the category AugInvSteAlg of augmented involutive
stereotype algebras:
(25) coker C⋆(λ) = C⋆(κ).
2In other words, κ is a quotient map of the group G by the closure λ(H) of the subgroup λ(H).
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Proof. Let us introduce a simpler notations:
λ′ = C⋆(λ), κ′ = C⋆(κ).
And let ε = εC⋆(H) be the augmentation on C
⋆(H), and ι = ιC⋆(F ) the embedding of C into C
⋆(F ).
1. First let us note that κ′ ◦ λ′ is a zero morphism:
(26) κ′ ◦ λ′ = ι ◦ ε.
H
λ //
δH

G
κ //
δG

F
δF

C⋆(H)
λ′ //
ε
--
❈
●
▲
P ❙ ❲ ❩
C⋆(G)
κ
′
// C⋆(F )
C
ι
>>
❞ ❣ ❦
♥ r
✇
⑤
It is convenient to see this on elements δt, t ∈ H :
(κ′ ◦ λ′)(δt) = κ′(λ′(δt)) = κ′(δλ(t)) = δκ(λ(t)) = δ1F = 1C⋆(F ) = ι(1) = ι(ε(δ
t)) = (ι ◦ ε)(δt).
Since elements δt, t ∈ H , are full in C⋆(H) [2, Lemma 8.2], this proves (26).
2. Now let γ : C⋆(G) → A be a morphism of augmented stereotype algebras that gives zero in
composition with λ′:
(27) γ ◦ λ′ = ι ◦ ε.
Consider the diagram:
H
λ //
δH

G
κ //
δG

F
δF
xx♣♣♣
♣♣♣
♣♣♣
♣♣♣
ϕ
nn
✠
✝
✂
⑦
③
✈
r♦❧❥❣❡❜❵❫
C⋆(H)
λ′ //
ε

C⋆(G)
κ
′
//
γ

C⋆(F )
γ′
ww♥ ♥
♥ ♥
♥ ♥
♥
C
ι // A
For each t ∈ H we have
γ(δ
λ(t)
G ) = γ
(
λ′(δtH)
)
= (27) = ι
(
ε(δtH)
)
= ι(1) = 1.
Thus, the homomorphism G→ A is constant on the subgroup λ(H) ⊆ G. This means that it is induced
by a homomorphism ϕ : F = cokerλ = G/λ(H)→ A. This homomorphism ϕ in its turn can be extended
to a morphism of the group algebra γ′ : C⋆(F ) → A [2, Theorem 10.12], which is the extension of the
homomorphism γ, since on elements G they coincide (we use here [2, Lemma 8.2]). 
4.3. Continuous envelope. The notion of continuous envelope of an involutive stereotype algebra A
was introduced by the author in [6] and was discussed in detail in [8]. This is an envelope of A in the
class DEpi of dense epimorphisms, i.e. the morphisms ϕ : A→ B with the property ϕ(A) = B, with the
values in C∗-algebras:
EnvC A = Env
DEpi
C∗ A.
The detailed definition is the following.
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• First, a continuous extension of an involutive stereotype algebra A is a dense epimorphism σ :
A → A′ (i.e. σ(A) = A′) of involutive stereotype algebras such that for each C∗-algebra B and
for each involutive homomorphism ϕ : A → B there is a (necessarily unique) homomorphism of
involutive stereotype algebras ϕ′ : A′ → B such that the following diagram is commutative:
(28) A
σ //
ϕ

✼✼
✼✼
✼✼
✼ A
′
ϕ′
✝
✝
✝
✝
B
• Second, a continuous envelope of an involutive stereotype algebra A is a continuous extension
envC A : A → EnvC A such that for any continuous extension σ : A → A
′ there is a (necessarily
unique) morphism of involutive stereotype algebras υ : A′ → EnvC A such that the following
diagram is commutative:
A
σ
✝✝
✝✝
✝✝
✝
envC A
  
❅❅
❅❅
❅❅
❅❅
A′
υ
//❴❴❴❴❴ EnvC A
If ϕ : A → B is a morphism of involutive stereotype algebras, then there exists a unique morphism of
involutive stereotype algebras EnvC ϕ : EnvC A→ EnvC B such that the following diagram is commutative
[8, (5.1.4)]:
(29) A
envC A //
ϕ

EnvC A
EnvC ϕ

✤
✤
✤
B
envC B
// EnvC B
The morphism EnvC ϕ is called the continuous envelope of the morphism ϕ.
Theorem 4.3. Let (A, ε) be an augmented involutive stereotype algebra. Then
(i) the continuous envelope EnvC ε : EnvC A → EnvC C = C of the augmentation ε on A is an
augmentation on the continuous envelope EnvC A of the algebra A;
(ii) the envelope envC A : A→ EnvC A is a morphism of augmented involutive stereotype algebras.
(30) A
envC A //
ε

EnvC A
EnvC ε

✤
✤
✤
C
idC=envC C
// C
Proof. This follows immediately from Diagram (30), which is commutative due to (29) and [8, (5.1.7)]. 
Theorem 4.4. If ϕ : (A, εA)→ (B, εB) is a morphism of augmented involutive stereotype algebras, then
its continuous envelope EnvC ϕ : (EnvC A,EnvC εA) → (EnvC B,EnvC εB) is a morphism of augmented
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involutive stereotype algebras as well due to the diagram
(31) A
envC A //
ϕ

εA
%%❑❑
❑❑❑
❑❑❑
❑❑❑
❑ EnvC A
EnvC ϕ

✤
✤
✤
✤
✤
✤
✤
EnvC εA
ww♣ ♣
♣ ♣
♣ ♣
C
B
envC B
//
εB
99ssssssssssss
EnvC B
EnvC εB
gg❖ ❖ ❖ ❖ ❖ ❖
Proof. Here the perimeter and all the inner triangles are commutative, excluding the right inner triangle
(with the dashed arrows), and its commutativity we have to prove. But it is commutative since envC A
is an epimorphism. 
Proposition 4.2. If A is an involutive stereotype algebra with the augmentation ε : A→ C, and σ : A→
A′ is its continuous extension, then the algebra A′ has a unique augmentation ε′ : A′ → C such that the
morphism σ becomes a morphism of augmented stereotype algebras, and moreover, an extension in the
category AugInvSteAlg of augmented involutive stereotype algebras in the class DEpi of dense epimorphisms
with respect to the class AugC* of the augmented C∗-algebras.
Proof. 1. Consider the diagram:
(32) A
σ //
ε

❄❄
❄❄
❄❄
❄❄
A′
ε′
~~⑦
⑦
⑦
⑦
C
Since C is a C∗-algebra, the morphism ε′ exists and is uniquely defined. The commutativity of this
diagram means that σ is a morphism of augmented stereotype algebras σ : (A, ε)→ (A′, ε′).
2. Let us show that this morphism σ : (A, ε)→ (A′, ε′) is an extension in DEpi with respect to AugC*.
Let ϕ : (A, ε)→ (B, δ) be a morphism into an augmented C∗-algebra. Consider a diagram in the category
of stereotype algebras:
A
ϕ
))
σ //
ε

❅❅
❅❅
❅❅
❅❅
A′
ε′
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
ϕ′
uu
✩
✤
✗
✍
✂
✉
♥
C
B
δ
OO
The dashed arrow, ϕ′, exists, is unique and the perimeter becomes commutative, since B is a C∗-algebra,
and σ is a continuous envelope. At the same time the upper inner triangle is commutative, since this
is just diagram (32), and the left inner triangle is commutative since ϕ : (A, ε) → (B, δ) is a morphism
of augmented stereotype algebras. In addition σ is an epimorphism, hence the right inner triangle is
commutative as well:
δ ◦ ϕ′ = ε′.
This means that ϕ′ is a morphism in the category AugInvSteAlg, and since it is unique, σ is an extension
in AugInvSteAlg (in the class DEpi with respect to the class AugC* of augmented C∗-algebras). 
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Corollary 4.1. For each stereotype algebra A with an augmentation ε : A → C there is a unique
morphism of augmented stereotype algebras υ : (A, ε) → EnvDEpi
AugC*
(A, ε) such that the following diagram
is commutative:
(33) (A, ε)
envC A
xxqqq
qqq
qqq
qqq envDEpi
AugC*
(A,ε)
&&▲▲
▲▲▲
▲▲▲
▲▲
(EnvC A,EnvC ε) υ
//❴❴❴❴❴❴❴❴ EnvDEpi
AugC*
(A, ε)
Proof. In the notations of Proposition 4.2, here σ is not just an extension, but an envelope envC A. In
this case the augmentation ε′ on A′ = EnvC A is a morphism EnvC ε from (30). Since by Proposition 4.2
σ = envC A is an extension in the category of augmented involutive stereotype algebras, there must be a
unique morphism υ in (33). 
4.4. Continuous envelope of a group algebra C⋆(Z ·K). The following fact was proved in [6, Theorem
5.53] (for the Kuznetsova envelopes in [20, Theorem 2.11]).
Theorem 4.5. The Fourier transform on an abelian locally compact group Z
(34) FZ : C
⋆(Z)→ C(Ẑ), FZ(α)(χ) = α(χ), α ∈ C
⋆(Z), χ ∈ Ẑ,
is a continuous envelope of the group algebra C⋆(Z). As a corollary,
(35) EnvC C
⋆(Z) = C(Ẑ).
The following theorem is proved in [8, Proposition 5.27].
Theorem 4.6. Suppose Z is an abelian locally compact group, and K a compact group. Then the formula
(36) (Φδ(t,x))σ(χ) = χ(t) · σ(x), t ∈ Z, x ∈ K, χ ∈ Ẑ, σ ∈ K̂,
defines a mapping
(37) Φ : C⋆(Z ×K)→
∏
σ∈K̂
C
(
Ẑ,B(Xσ)
)
,
which is a continuous envelope of the group algebra C⋆(Z ×K). As a corollary,
(38) EnvC C
⋆(Z ×K) = C
(
Ẑ,
∏
σ∈K̂
B(Xσ)
)
=
∏
σ∈K̂
C
(
Ẑ,B(Xσ)
)
.
Let us call a locally compact group G a compact buildup of an abelian locally compact group, if there
exist closed subgroups Z and K in G with the following properties:
1) Z is an abelian group,
2) K is a compact group,
3) Z and K commute:
∀a ∈ Z, ∀y ∈ K a · y = y · a,
4) the product of Z and K is G:
∀x ∈ G ∃a ∈ Z ∃y ∈ K x = a · y.
If it is necessary to specify which groups in this constructions are used, then we say that G is a buildup
of the abelian group Z with the help of the compact group K.
16 S.S.AKBAROV
Lemma 4.1. Let G = Z ·K be a buildup of an abelian locally compact group Z with the help of a compact
group K. Consider the subgroup
H = Z ∩K,
its immersion into the cartesian product
ι : H → Z ×K, ι(x) = (x, x−1), x ∈ H,
and the image of this immersion
ι(H) ⊆ Z ×K.
Then
G ∼= (Z ×K)/ι(H).
The homomorphism of the groups ι : H → Z × K generates a morphisms of group algebras C⋆(ι) :
C⋆(H) → C⋆(Z × K), which in its turn generates a morphism of envelopes EnvC C
⋆(ι) : EnvC C
⋆(H) →
EnvC C
⋆(Z ×K). As a corollary, we have the diagram
(39) H
ι //
δH

Z ×K
δZ×K

C⋆(H)
C⋆(ι)
//
envC C
⋆(H)

C⋆(Z ×K)
envC C
⋆(Z×K)

EnvC C
⋆(H)
EnvC C
⋆(ι)
// EnvC C
⋆(Z ×K)
C(Ĥ)
ξ
//
∏
σ∈K̂ C
(
Ẑ,B(Xσ)
)
where ξ is the morphism, corresponding to EnvC C
⋆(ι) under the identification described by the vertical
equalities. Note that by Theorem 4.4 the last three horizontal arrows are morphisms of augmented
stereotype algebras.
Further we shall need two lemmas.
Lemma 4.2. 3 Let M be a paracompact locally compact topological space, and X a finite dimensional
vector space over C. Each closed two-sided ideal I in the algebra C
(
M,B(X)
)
has the form
I = {f ∈ C
(
M,B(X)
)
: ∀t ∈ N f(t) = 0}
where N is a closed subset in M , and the corresponding quotient algebra has the form
C
(
M,B(X)
)
/I = C
(
N,B(X)
)
.
Proof. For each point t ∈M we put I(t) = {f(t); f ∈ I} and
N = {t ∈M : I(t) = 0}, I(N) = {f ∈ C
(
M,B(X)
)
: f
∣∣
N
= 0}.
Obviously, I(N) is a closed two-sided ideal in C
(
M,B(X)
)
, and I ⊆ I(N). Let us show that the inverse
inclusion is also true. Take f ∈ I(N). For each point t /∈ N we have I(t) 6= 0, i.e. I(t) is a non-zero two
sided ideal in B(X). Since B(X) is a simple algebra, I(t) = B(X). Hence
∀t /∈ N ∃gt ∈ I(t) = B(X) gt(t) = f(t).
3Lemma 4.2 was suggested to the author by Robert Israel.
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Now for each compact set T ⊆ M and for any ε > 0 we can find a partition of unity {ηt; t ∈ T } on T
such that
sup
s∈T
∥∥∥∥∥f(s)−∑
t∈T
ηt(s) · gt(s)
∥∥∥∥∥ < ε.
The sums
∑
t∈T ηt · gt belong to I, and since I is a closed ideal, we have: f ∈ I. 
Lemma 4.3. Let {Aσ;σ ∈ S} be a family of stereotype algebras,
A =
∏
σ∈S
Aσ,
its product, I a closed two sided ideal in A, and
Iσ = {xσ; x ∈ I}
its projections at the components Aσ. Then
(i) each Iσ is a closed two sided ideal in Aσ,
(ii) I can be recovered from Iσ by the formula
(40) I =
∏
σ∈S
Iσ ,
(iii) there exists a unique isomorphism
A/I ∼=
∏
σ∈S
(Aσ/Iσ).
Proof. For each σ ∈ S we define the embedding ισ : Aσ → A
ισ(p)τ =
{
p, τ = σ
0, τ 6= σ
.
It is mupltiplicative, but not unital, since it turns the unit 1σ ∈ Aσ not into the unit 1 ∈ A, but into the
family
ισ(1σ)τ =
{
1σ, τ = σ
0, τ 6= σ
.
Let us note that
(41) Iσ = ι
−1
σ (I).
Indeed,
p ∈ Iσ ⇐⇒ ∃x ∈ I p = xσ ⇐⇒ ∃x ∈ I ισ(p) = x · ισ(1σ) ⇐⇒
⇐⇒ ισ(p) ∈ I ⇐⇒ p ∈ ι
−1
σ (I).
1. From (41) it follows immediately that Iσ is a closed subset in Aσ. On the other hand, for each
p ∈ Iσ and q ∈ Aσ we have
ισ(p · q) = ισ(p)︸ ︷︷ ︸
∋
I
· ισ(q)︸ ︷︷ ︸
∋
A
∈ I
(41)
=⇒ p · q ∈ Iσ .
And similarly, q · p ∈ Iσ. This proves (i).
2. Formula (40) is obvious.
3. The formula
Φ{aσ + Iσ; σ ∈ S} = {aσ; σ ∈ S}+ I
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correctly defines a mapping
Φ :
∏
σ∈S
(Aσ/Iσ)→ A/I
and it is easy to see that this is an isomorphism of locally convex spaces. 
Lemma 4.4. The cokernel of the mapping ξ in (39) in the category AugInvSteAlg of augmented involutive
stereotype algebras has the form
(42) Coker(ξ) ∼=
∏
σ∈K̂
C
(
Mσ,B(Xσ)
)
where {Mσ, σ ∈ K̂} is a family of closed subsets in Ẑ.
Proof. By Theorem 4.1 Coker(ξ) is a quotient algebra of the algebra
∏
σ∈K̂ C
(
Ẑ,B(Xσ)
)
by some closed
two-sided ideal I. By Lemma 4.3 such a quotient algebra is isomorphic to the product of the quotient
algebras C
(
Ẑ,B(Xσ)
)
by the ideals Iσ. And by Lemma 4.2 these quotient algebras are isomorphic to the
algebras C
(
Mσ,B(Xσ)
)
:
Coker(ξ) ∼=
(( ∏
σ∈K̂
C
(
Ẑ,B(Xσ)
))
/I
)△
∼=
( ∏
σ∈K̂
(
C
(
Ẑ,B(Xσ)
)
/Iσ
))△
∼=
∼=
( ∏
σ∈K̂
C
(
Mσ,B(Xσ)
))△
∼=
∏
σ∈K̂
C
(
Mσ,B(Xσ)
)
.

Let Z ·K be a buildup of an abelian locally compact group Z with the help of a compact group K.
Consider the chain of homomorphisms
(43) H
ι // Z ×K
κ // Z ·K
where H and ι are defined in Lemma 4.1, and
κ = coker ι.
(by Lemma 4.1 κ can be treated as a mapping from Z×K into Z ·K). By Theorem 4.2 in the corresponding
chain of morphisms of group algebras
(44) C⋆(H)
ι∗ // C⋆(Z ×K)
κ
∗
// C⋆(Z ·K)
the second morphism is a cokernel of the first one:
κ
∗ = coker ι∗.
In other words,
C⋆(Z ·K) = Coker ι∗.
Consider the chain obtained from (44) by applying the functor of continuous envelope:
(45) EnvC C
⋆(H)
EnvC(ι
∗)
// EnvC C
⋆(Z ×K)
EnvC(κ
∗)
// EnvC C
⋆(Z ·K)
By Theorem 4.4 this is a chain of morphisms of augmented involutive stereotype algebras.
Lemma 4.5. The mapping
κ̂ : Coker(EnvC(ι
∗))→ EnvC C
⋆(Z ·K)
is an isomorphism of stereotype algebras.
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Proof. 1. We first prove that the mapping κ̂ is open. From Lemma 4.4 it follows that the topology of
the algebra Coker(EnvC(ι
∗)) is generated (without pseudosaturation) by the inverse images of the open
sets under the morphisms (continuous homomorphisms without taking into account the augmentation)
ϕ : Coker(EnvC(ι
∗)) → B into different C∗-algebras. Hence for proving the openness of the mapping
Coker(EnvC(ι
∗)) → EnvC C
⋆(Z ·K) it is sufficient to show that each morphism ϕ : Coker(EnvC(ι
∗)) → B
into an arbitrary C∗-algebra can be extended to some morphism ϕ′ : EnvC C
⋆(Z ·K)→ B.
Take such a morphism ϕ : Coker(EnvC(ι
∗))→ B and consider the diagram
(46)
H
δH

ι // Z ×K
δZ×K

κ // Z ·K
δZ·K
vv♠♠♠
♠♠♠
♠♠♠
♠♠♠
♠
ψ

✫
✩
✦
✤
✢
✚
✘
C⋆(H)
envC C
⋆(H)

ι∗ // C⋆(Z ×K)
envC C
⋆(Z×K)

coker ι∗ // Coker ι∗
(25)
Coker
EnvC ι
∗,envC C
⋆(H)
envC C
⋆(Z×K),ι∗

C⋆(Z ·K)
ψ′

P
❏
❇
✾
✸
✲
envC C
⋆(Z·K)

EnvC C
⋆(H)
EnvC ι
∗
// EnvC C
⋆(Z ×K)
coker EnvC ι
∗
// Coker EnvC ι
∗
ϕ
33
κ̂ // EnvC C
⋆(Z ·K)
ϕ′ --
❊
■
▼
◗ ❚ ❲ ❩ B
For an element t ∈ H we have
ϕ
(
Coker
EnvC ι
∗, envC C
⋆(H)
envC C⋆(Z ×K), ι∗
(
coker ι∗(δ
ι(t)
Z×K)
))
= ϕ
(
Coker
EnvC ι
∗, envC C
⋆(H)
envC C⋆(Z ×K), ι∗
(
δ
κ
(
ι(t)
)
Z·K︸ ︷︷ ︸
‖
1
))
= ϕ(1) = 1,
so we can conclude that the representation of the group Z ×K in the algebra B
ϕ ◦ Coker
EnvC ι
∗, envC C
⋆(H)
envC C⋆(Z ×K), ι∗
◦ coker ι∗ ◦ δZ×K : Z ×K → B
can be extended to some representation ψ : Z · K → B. By the main property of group algebras [2,
Theorem 10.12] this represetation generates a morphism of stereotype algebras ψ′ : C⋆(Z · K) → B.
Since B is a C∗-algebra, the morphism ψ′ can be (uniquely) extended to the envelope as a morphism
ϕ′ : EnvC C
⋆(Z ·K)→ B. The whole diagram remains commutative since coker ι∗, envC C
⋆(Z ·K), κ̂ are
epimorphisms, and the image δZ×K has dense linear span in C
⋆(Z ×K).
2. Next we prove that the mapping κ̂ is injective. Take x ∈ Coker EnvC ι
∗, such that x 6= 0. By Lemma
4.4 we can identify Coker EnvC ι
∗ with the algebra of the form
∏
σ∈K̂ C(Mσ,B(Xσ)). Hence the inequality
x 6= 0 in Coker EnvC ι
∗ implies the existence of a morphism ϕ : Coker EnvC ι
∗ → B into a C∗-algebra
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B = B(Xσ) such that ϕ(x) 6= 0.
(47) C⋆(Z ·K)
Coker
EnvC ι
∗,envC C
⋆(H)
envC C
⋆(Z×K),ι∗

envC C
⋆(Z·K)

ϕ′

✤
✤
✤
B
Coker EnvC ι
∗
κ̂
44
ϕ
99rrrrrrrrrrrrr
EnvC C
⋆(Z ·K)
ϕ′′
ff▼ ▼ ▼ ▼ ▼ ▼ ▼
Consider the composition
ϕ′ = ϕ ◦ Coker
EnvC ι
∗, envC C
⋆(H)
envC C⋆(Z ×K), ι∗
.
This is a morphism into the C∗-algebra B, therefore it can be (uniquely) extended to a morphism ϕ′′ at
the envelope.
Note further that in Diagram (46) the morphism envC C
⋆(Z × K) is dense (being an envelope), and
the morphism coker EnvC ι
∗ is dense by the construction of the cokernel in Theorem 4.1. Hence in the
equality
Coker
EnvC ι
∗, envC C
⋆(H)
envC C⋆(Z ×K), ι∗
◦ coker ι∗ = coker EnvC ι
∗ ◦ envC C
⋆(Z ×K)
the right side consists of dense morphisms. As a corollary, the right side is a dense morphism, and
therefore the morphism at the left side, Coker EnvC ι
∗,envC C
⋆(H)
envC C⋆(Z×K),ι∗
, is dense as well. We can conclude from
this that in Diagram (47) not only the perimeter and the upper inner triangles are commutative, but the
lower inner triangle is commutative as well:
ϕ′ ◦ κ̂ = ϕ.
Now we obtain
ϕ′(κ̂(x)) = ϕ(x) 6= 0 =⇒ κ̂(x) 6= 0,
and this is what we need.
3. Now let us prove that the mapping κ̂ is dense. The image of the mapping δ : Z ·K → C⋆(Z ·K)
has a dense linear span in C⋆(Z ·K), hence in the composition with C⋆(Z ·K)→ EnvC C
⋆(Z ·K) we again
have a mapping whose image has a dense linear span in EnvC C
⋆(Z ·K). As a corollary, its composition
with G→ G/H = Z ·K,
G // G/H = Z ·K // EnvC C
⋆(Z ·K)
yields a map whose image has a dense linear span in EnvC C
⋆(Z ·K). But this map can be represented
as a composition
G // Coker(EnvC(ι
∗)) // EnvC C
⋆(Z ·K)
and we see that the span of this mapping’s image needs to be dense in EnvC C
⋆(Z ·K). Hence the mapping
Coker(EnvC(ι
∗)) // EnvC C
⋆(Z ·K)
possesses the same property.
4. We saw that the mapping of stereotype spaces
Coker(EnvC(ι
∗)) // EnvC C
⋆(Z ·K)
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is injective, open and dense. On the other hand, Lemma 4.4 implies that the domain of this mapping is
a complete locally convex space. Thus, this mapping must be an isomorphism. Therefore the domain of
this mapping is isomorphic to its range. 
From Lemmas 4.5 and 4.4 we have
Theorem 4.7. Let Z ·K be a buildup of an abelian locally compact group Z with the help of a compact
group K. Then the continuous envelope EnvC C
⋆(Z ·K) of its group algebra has the form
(48) EnvC C
⋆(Z ·K) ∼=
∏
σ∈K̂
C
(
Mσ,B(Xσ)
)
,
where {Mσ; σ ∈ K̂} is a family of closed subsets in the Pontryagin dual group Ẑ of the group Z.
The following two propositions are special cases of Proposition 5.31 and Lemma 5.53 in [8]. The
proof of these statements contained errors in [8]4, and we repair these errors in the special case which is
interesting for us here.
Corollary 4.2. Let G = Z · K be a buildup of an abelian locally compact group Z with the help of a
compact group K. Then the continuous envelope of the group algebra C⋆(G) coincides with the locally
compact Kuznetsova envelope, i.e. with the projective limit of its C∗-quotient algebras in the category of
locally convex spaces (and in the category of topological algebras):
(49) EnvC C
⋆(G) = LCS- proj lim
p∈P(C⋆(G))
C⋆(G)/p
Proof. This is seen from (48). 
Corollary 4.3. Let G = Z · K be a buildup of an abelian locally compact group Z with the help of a
compact group K. Then the diagonal β of the diagram
C⋆(G)⊛ C⋆(G)
β
((P
PP
PP
PP
PP
PP
PP
PP
PP
P
@

envC C
⋆(G)⊛envC C
⋆(G)
// EnvC C
⋆(G) ⊛ EnvC C
⋆(G)
@

C⋆(G)⊙ C⋆(G)
envC C
⋆(G)⊙envC C
⋆(G)
// EnvC C
⋆(G) ⊙ EnvC C
⋆(G)
is a dense epimorphism.
Proof. From (48) we have that since the image of C⋆(Z ·K) under the mapping envC C
⋆(Z ·K) is dense in
the space
∏
σ∈K̂ C
(
Mσ,B(Xσ)
)
, under the projection on each finite product
∏
σ∈S C
(
Mσ,B(Xσ)
)
(where
S ⊆ K̂ is an arbitrary finite set), the mapping
C⋆(Z ·K)→
∏
σ∈S
C
(
Mσ,B(Xσ)
)
4See [8, Errata].
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is dense as well. This implies that for each finite sets S, T ⊆ K̂ the arising mapping of the tensor products
C⋆(Z ·K)⊛ C⋆(Z ·K)→
∏
σ∈S
C
(
Mσ,B(Xσ)
)
⊛
∏
τ∈S
C
(
Mτ ,B(Xτ )
)
=
=
∏
σ∈S,τ∈T
C
(
Mσ,B(Xσ)
)
⊛ C
(
Mτ ,B(Xτ )
)
is again dense.
Note further that C
(
Mσ,B(Xσ)
)
and C
(
Mτ ,B(Xτ )
)
are Fre´chet spaces with the classical approximation
property. Hence by [2, Theorem 7.21] their stereotype injective tensor product coincides with their
classical injective tensor product:
C
(
Mσ,B(Xσ)
)
⊙ C
(
Mτ ,B(Xτ)
)
= C
(
Mσ,B(Xσ)
)
⊗ˇC
(
Mτ ,B(Xτ)
)
.
At the same time the algebraic tensor product C
(
Mσ,B(Xσ)
)
⊗ C
(
Mτ ,B(Xτ )
)
is dense in
C
(
Mσ,B(Xσ)
)
⊗ˇC
(
Mτ ,B(Xτ)
)
. This implies that the projective stereotype tensor product C
(
Mσ,B(Xσ)
)
⊛
C
(
Mτ ,B(Xτ )
)
is also dense in C
(
Mσ,B(Xσ)
)
⊗ˇC
(
Mτ ,B(Xτ)
)
. This means in its turn that the composition
of the mappings
C⋆(Z ·K)⊛C⋆(Z ·K)→
∏
σ∈S,τ∈T
C
(
Mσ,B(Xσ)
)
⊛C
(
Mτ ,B(Xτ )
)
→
∏
σ∈S,τ∈T
C
(
Mσ,B(Xσ)
)
⊙C
(
Mτ ,B(Xτ )
)
is again a dense mapping.
And this is true for each finite sets S, T ⊆ K̂. We can conclude that the mapping into the infinite
product
C⋆(Z ·K)⊛ C⋆(Z ·K)→
∏
σ,τ∈K̂
C
(
Mσ,B(Xσ)
)
⊙ C
(
Mτ ,B(Xτ )
) [2, (7.21)]
=
=
∏
σ∈K̂
C
(
Mσ,B(Xσ)
)
⊙
∏
τ∈K̂
C
(
Mτ ,B(Xτ)
)
= EnvC C
⋆(Z ·K)⊙ EnvC C
⋆(Z ·K)
is again dense. 
Theorem 4.8. Let G = Z · K be a buildup of an abelian locally compact group Z with the help of a
compact group K. Then the continuous envelope EnvC C
⋆(G) of its group algebra C⋆(G) is an involutive
Hopf algebra in the category of stereotype spaces (Ste,⊙).
Proof. The proof of this statement repeats almost without changes the proof of Theorem 5.51 in [8]. The
only difference is that Corollaries 4.2 and 4.3 replace in this reasoning Proposition 5.31 (with Formula
(5.65)) and Lemma 5.53 from [8]. 
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